Acceleration is a fundamental concept in physics which is taught in mechanics at all levels. Here, we discuss some challenges in teaching this concept effectively when the path along which the object is moving has a curvature and centripetal acceleration is present. We discuss examples illustrating that both physics teachers and students have difficulty with this concept. We conclude with instructional strategies that may help students with this challenging concept.
Introduction
Helping students distinguish between velocity and acceleration has always been challenging for physics instructors. [1, 2] Several instructors and researchers have analyzed the difficulties in teaching velocity and acceleration to introductory physics students in different contexts. [3, 4, 5, 6, 7] However, teaching the concept of acceleration effectively still remains elusive. Acceleration is the rate of change of velocity with time. Since velocity is a vector, the velocity can change because its magnitude (speed) changes, its direction changes, or both. For example, if a car moves in a straight line but slows down or speeds up, its only the speed that is changing and not its direction.
For uniform circular motion of an object, the speed is constant and it is only the direction of velocity that is changing. In this case, the velocity is tangent to the path, and acceleration, called centripetal acceleration, is towards the center of the circle at each instant. Since the speed is not changing, the velocity and centripetal acceleration are always perpendicular to each other. In a more general motion of an object, both the magnitude and direction of velocity could change and the direction of velocity. Here, we discuss situations involving centripetal acceleration which are universally challenging.
In a recent article [8] , the following two multiple-choice questions about the acceleration of a rolling ball on a ramp of the shape shown in Figure 1 were given: "A ball rolls on a ramp as shown. As it rolls from A to B its velocity increases and its acceleration: (A) increases also, (B) decreases, (C) remains constant. And when the ball rolls from B to C its acceleration:
(D) increases, (E) decreases, (F) remains constant." The answers were given to be A and E respectively with the explanation "Acceleration depends on the slope of the ramp. The slope of the ramp gradually increases between points A and B, so acceleration there gradually increases.
But between points B and C, the slope gradually decreases. This means acceleration beyond B gradually decreases also." [8] However, answer E for the second part is incorrect because it fails to account for centripetal acceleration a c = v 2 /R, where v is the speed and R is the radius of curvature. [9, 10] The second question asks about the acceleration as the particle rolls from point B to C and not about the magnitude of the tangential acceleration a t alone. Therefore, the correct answer should be "The magnitude of acceleration from point B to C may increase or decrease depending upon the radius of curvature and the speed of the object at point C". It should be noted that point C is still part of the curved surface, i.e., at point C the ball is not rolling on a horizontal surface (infinite curvature). As we shall see below, for the drawing used to illustrate the situation in Figure 1 , the magnitude of acceleration actually increases from point B to point C.
Calculation of the Magnitude of Acceleration
Let's first calculate the magnitude of acceleration at point B based on the drawing in Figure 1 . Figure 1 shows the estimates obtained for the three critical dimensions in the drawing: H = 8.6
cm, the height of the hill, θ = 67 0 , the angle that the tangent to the path makes with the horizontal at the point of inflection (B), and R = 6.1 cm, the radius of curvature from point B to point C.
First we focus on calculating the acceleration magnitude at point B. To simplify the calculation, we will assume that the ball is simply sliding down the hill rather than rolling (later we will restore the rolling motion). Since there is no curvature at the point of inflection, the centripetal acceleration at point B is zero and the total acceleration is only due to the tangential component.
This acceleration has a magnitude a t = gsin(θ) where g is the magnitude of the acceleration due Next, we assume that at point C, the slope of the curve is so small that the tangential acceleration can be ignored and the total acceleration is simply the centripetal acceleration. The centripetal acceleration can be calculated as a c = v 2 /R, where we must still determine the speed of the ball v. We may assume that the ball starts from rest at point A and ignore air resistance, so that total mechanical energy is conserved along the way between points A and C. Hence, mgH = 1/2mv 2 and therefore, solving for centripetal acceleration a c = 2gH/R. Note that the answer only depends on the ratio H/R, so the answer is independent of the overall scale factor for the drawing.
The ratio of the magnitudes of acceleration at points C and B is a c /a t = 2H/(Rsin(θ)). Because the factor 2H/R > 1 for parameters in Figure 1 , we see that regardless of the slope of the incline at point B, the acceleration at point C must be larger than that at point B.
Now we include the effects due to rolling motion. As it turns out, the rolling has no impact whatsoever on the above result. We assume that the ball has a moment of inertia I = Kmr 2 , where K=2/5 for a uniform solid sphere rolling about its center and r is the radius of the ball. Analysis of the force and torque equations at point B yields a modified result: a t = gsin(θ)/(1 + K). [11] A similar analysis at point C, taking into account both linear and rotational kinetic energies in the conservation of energy equation and using v = rω for rolling (here ω is the angular speed and the rotational kinetic energy is 1/2Iω 2 ), yields a similarly modified result: a c = v 2 /R = 2gH/(R(1 + K)). Both factors of 1/(1+K) cancel if we take the ratio of the magnitudes of acceleration a c /a t = 2H/(Rsin(θ)) at points C and B similar to the case when the object was sliding rather than rolling. Thus, the total acceleration at point C will be larger than that at point B if 2H/(Rsin(θ)) > 1
Centripetal Acceleration of a Pendulum
Failure to include changes in direction of an object as being accelerations (as opposed to just changes in speed) is widespread among novices and experts alike. In a survey conducted by Reif et al. [7] related to acceleration at different points on the trajectory of a simple pendulum, similar difficulties were found. Reif et al. asked several Physics Professors at the University of California, Berkeley who had taught introductory physics recently to explain how the acceleration at various points on the trajectory of the simple pendulum changed. A surprisingly large fraction of professors incorrectly noted that the acceleration at the lowest point of the trajectory is zero because they did not account for the centripetal acceleration. When they were explicitly asked to reconsider the centripetal acceleration whereas the other half continued with their initial assertion that the acceleration is zero at the lowest point in the trajectory. In another study [12] , many introductory physics students had similar difficulties when calculating the normal force on an object which is moving along a circular path and is at the highest point.
Acceleration is Difficult to Visualize but Easy to Feel
There have been some interesting studies of students' perception of motion [13] while watching objects moving on a computer screen. However, further exploration is required to develop a more precise understanding of human perception of velocity and acceleration. One difficulty is that while humans can visually obtain a reasonably good sense of the speed of an object quickly, the magnitude of acceleration of an object is difficult to gauge visually. To illustrate, consider the following situation that occurs commonly at a traffic intersection ( The human body is an accelerometer and a person who is accelerating has a "feel" for both the magnitude and direction of acceleration. For example, when our car takes off from rest in a straight line, the acceleration is in the same direction as the velocity but our body feels as if it is thrown backwards in a direction opposite to the acceleration. Similarly, if the car comes to rest, the acceleration is opposite to the direction of velocity but the body lunges forward in a direction opposite to the acceleration. These are demonstrations of inertia. Even a blind-folded person can tell that he/she is accelerating when going up and down the curves of a roller coaster. When making a turn in a circle, the acceleration is towards the center of the circle (if the tangential component is zero) but our body feels as if it is thrown outward opposite to the direction of the acceleration. If students are encouraged to imagine what they will feel if they were experiencing a particular motion, they may develop a better intuition for the concept of acceleration.
Other Misconceptions about Centripetal Acceleration
The mass of an object multiplied by its centripetal acceleration is often called the "centripetal force". This jargon is unfortunate because one common misconception that students have about centripetal force is that it is a new physical force of nature rather than a component of the net force. For example, when we asked introductory physics students to find the magnitude of the normal force (apparent weight) on a person moving along a curved path at a time when the person is at the top of the curve, many students incorrectly used equilibrium application of Newton's Second Law. [12] Several students who were systematic in their problem solving, and drew free body diagrams, wrote down the equation for the equilibrium application of Newton's second law. In their free body diagram, they incorrectly included centripetal force when passing over the highest point on the curve as if it was a separate physical force in addition to the normal force and the gravitational force. Using the equilibrium application of Newton's second law, students incorrectly obtained that the magnitude of the normal force on the person of mass m moving with a speed v along a circular curve of radius r is F N = mg + mv 2 /r rather than the correct expression F N = mg − mv 2 /r. Hence, they concluded that the apparent weight of the person increases rather than decreases when passing over the bump. It is possible that if students had invoked their intuition and imagined how they will feel when moving over the circular bump, they may have realized that their apparent weight cannot be larger than mg when moving over the bump. Another difficulty is that students often consider the pseudo forces, e.g., the centrifugal force, as though they were real forces acting in an inertial reference frame. It is advisable to avoid discussions of pseudo forces altogether because they are likely to confuse students further.
Summary and Instructional Implications
We discussed examples to illustrate that centripetal acceleration is a challenging concept even for physics teachers. Sometimes, veteran physics teachers miss centripetal acceleration when calculating the magnitude of total acceleration of an object moving along a curved path. Students have additional difficulty with this concept and often believe that mass times centripetal acceleration, termed centripetal force, is a new physical force of nature rather than a net force.
Tutorials in introductory physics [14] have been found to improve students' understanding of concepts related to acceleration. Another instructional strategy that can help students with the concept of acceleration is providing them with an opportunity for kinesthetic explorations [15] .
